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Abstract
In this paper, we show that there is no φ-recurrent Sasakian manifold.
Then we prove that the only flat 3-dimensional manifolds are φ-recurrent
(k, µ)-contact metric manifolds.
Keywords: Locally φ-symmetric, Sasakian manifold, (κ, µ)-contact met-
ric manifold, φ-recurrent.1
1 Introduction
Local symmetry is a very strong condition for the class of Sasakian manifolds.
Indeed, such spaces must have constant curvature equal to 1 [8]. Thus Takahashi
introduced the notion of a (locally) φ-symmetric space in the context of Sasakian
geometry [9]. Generalizing the notion of φ-symmetry, De-Shaikh-Biswas intro-
duced the notion of φ-recurrent Sasakian manifold [6]. In [5], Boeckx-Buecken-
Vanhecke introduced and studied the notion of φ-symmetry with several exam-
ples. In [4], Boeckx proved that every non-Sasakian (κ, µ)-manifold is locally
φ-symmetric in the strong sense.
In [7], Jun-Yildiz-De introduced a type of (κ, µ)-contact metric manifolds
called φ-recurrent (κ, µ)-contact metric manifold which generalizes the notion of
φ-symmetric (κ, µ)-contact metric structure of Boeckx. They proved that three-
dimensional locally φ-recurrent (κ, µ)-contact metric manifolds are of constant
curvature. They show the existence of φ-recurrent (κ, µ)-manifold by using an
example which is neither locally symmetric nor locally φ-symmetric.
In this paper, we introduce contact metric manifold, Sasakian manifold,
(κ, µ)-contact metric manifold and study important properties of these spaces.
We show that there exists no φ-recurrent Sasakian manifold. Then we present
the example given by Jun-Yildiz-De in [7]. In [7], the authors claimed that the 3-
dimensional manifold given in this example is a non-Sasakian locally φ-recurrent
(κ, µ)-contact metric manifold, which is not locally φ-symmetric. We show that
this example is not correct and moreover we prove that there is no non-Sasakian
locally φ-recurrent (κ, µ)-contact metric manifold with dimension 3, which is not
locally φ-symmetric. We also prove that the only flat 3-dimensional manifolds
are φ-recurrent (k, µ)-contact metric manifolds. Finally, we show that there
exists no non-flat (2n+1)-dimensional φ-recurrent (locally φ-recurrent) contact
metric manifold of constant curvature. This assertion show that Theorem 4.1
in [7] is not correct.
1 2010 Mathematics subject Classification: 53C15, 53C40.
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2 Contact Metric Manifolds
We start by collecting some fundamental material about contact metric geom-
etry. We refer to [2], [3] for further details.
A differentiable (2n + 1)-dimensional manifold M2n+l is called a contact
manifold if it carries a global differential 1-form η such that η∧ (dη)n 6= 0 every-
where on M2n+1. This form η is usually called the contact form of M2n+1. It is
well known that a contact manifold admits an almost contact metric structure
(φ, ξ, η, g), i.e., a global vector field ξ, which will be called the characteristic
vector field, a (1, 1) tensor field φ and a Riemannian metric g such that
(i) η(ξ) = 1, (ii) φ2 = −Id+ η ⊗ ξ, (1)
g(φX, φY ) = g(X,Y )− η(X)η(Y ), (2)
for any vector fields on M2n+1. Moreover, (φ, ξ, η, g) can be chosen such that
dη(X,Y ) = g(X,φY ) and we then call the structure a contact metric structure
and the manifoldM2n+1 carrying such a structure is said to be a contact metric
manifold. As a consequence of (1) and (2), we have
φξ = 0, η ◦ φ = 0, dη(ξ,X) = 0.
Denoting by £, Lie differentiation, we define the operator h by following
hX :=
1
2
(£ξφ)X.
The (1, 1) tensor h is self-adjoint and satisfy
(i) hξ = 0, (ii) hφ = −φh, (iii) Trh = Trhφ = 0. (3)
Since the operator h anti-commutes with φ, if X is an eigenvector of h corre-
sponding to the eigenvalue λ, then φX is also an eigenvector of h corresponding
to the eigenvalue −λ.
If ∇ is the Riemannian connection of g, then
∇Xξ = −φX − φhX, (4)
∇ξφ = 0, (5)
g(R(ξ,X)Y, Z) = g((∇Xφ)Y, Z) + g((∇Zφh)Y − (∇Y φh)Z,X), (6)
2(∇hXφ)Y = −R(ξ,X)Y − φR(ξ,X)φY + φR(ξ, φX)Y −R(ξ, φX)φY
+ 2g(X + hX, Y )ξ − 2η(Y )(X + hX). (7)
A contact structure on M2n+1 gives rise to an almost complex structure
on the product M2n+1 × R. If this structure is integrable, then the contact
metric manifold is said to be Sasakian. Equivalently, a contact metric manifold
is Sasakian if and only if
R(X,Y )ξ = η(Y )X − η(X)Y. (8)
Moreover, on a Sasakian manifold the following hold
(∇Xφ)Y = g(X,Y )φ− η(Y )X, h = 0. (9)
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The (κ, µ)-nullity distribution of a contact metric manifold M2n+1(φ, ξ, η, g) for
the pair (κ, µ) ∈ R2 is a distribution
N(κ, µ) : p −→ Np(κ, µ) =
{
Z ∈ TpM : R(X,Y )Z = κ
(
g(Y, Z)X − g(X,Z)Y )
+ µ
(
g(Y, Z)hX − g(X,Z)hY )}.
A contact metric manifold M2n+1(φ, ξ, η, g) with ξ ∈ N(κ, µ) is called (κ, µ)-
contact manifold. So, for a (κ, µ)-contact manifold, we have
R(X,Y )ξ = κ(η(Y )X − η(X)Y ) + µ(η(Y )hX − η(X)hY ). (10)
On a (κ, µ)-contact metric manifold, κ ≤ 1. If κ = 1, the structure is Sasakian
(h = 0). For κ = µ = 0, we have R(X,Y )ξ = 0. In [1], Blair proved the
following.
Theorem 2.1. ([1]) A contact metric manifoldM2n+1 satisfying R(X,Y )ξ = 0
is locally isometric to En+1 × Sn(4) for n > 1 and flat for n = 1, where En+1
is Euclidean space and Sn(4) is a sphere of constant curvature 4.
In a (κ, µ)-contact metric manifold, the following relations hold (see [2], [3],
[7])
h2 = (κ− 1)φ2, κ ≤ 1, and κ = 1 iff M2n+1 is Sasakian, (11)
(∇Xη)(Y ) = g(X + hX, φY ), S(X, ξ) = 2nκη(X), (12)
(∇Xφ)(Y ) = g(X + hX, Y )ξ − η(Y )(X + hX), (13)
R(ξ,X)Y = κ(g(X,Y )ξ − η(Y )X) + µ(g(hX, Y )ξ − η(Y )hX), (14)
η(R(X,Y )Z) = κ(g(Y, Z)η(X)− g(X,Z)η(Y ))
+ µ(g(hY, Z)η(X)− g(hX,Z)η(Y )). (15)
Definition 2.2. A contact metric manifold M2n+1(φ, ξ, η, g) is said to be locally
φ-symmetric if
φ2((∇WR)(X,Y )Z) = 0, (16)
for all vector fields W, X, Y, Z orthogonal to ξ. If (16) holds for all vector fields
W , X, Y , Z (not necessarily orthogonal to ξ), then we call it φ-symmetric.
The notion locally φ-symmetric, was introduced for Sasakian manifolds by
Takahashi [9].
Definition 2.3. A contact metric manifold M2n+1(φ, ξ, η, g) is said to be φ-
recurrent if there exists a non-zero 1-form A such that
φ2((∇WR)(X,Y )Z) = A(W )R(X,Y )Z, (17)
for all vector fields X,Y, Z,W . If the above equation holds for all vector fields
W, X, Y, Z orthogonal to ξ, then we call it locally φ-recurrent.
These notations were introduced for Sasakianmanifolds by De-Shaikh-Biswas
[6] and were introduced for (κ, µ)-contact manifolds by Jun-Yildiz-De [7].
3
3 Existence of φ-Recurrent Sasakian Manifold
In [6], De-Shaikh-Biswas introduced the notation Sasakian φ-recurrent contact
metric manifold. In this section, we show that there exists no contact metric
manifold of this type. Therefore this definition is not well defined.
For a Sasakian manifold, we have h = 0 and κ = 1. Then using (4), (12)
and (15), we have the following.
Lemma 3.1. Let M2n+1(φ, ξ, η, g) be a Sasakian manifold. Then the following
relations hold
∇Xξ = −φX, (18)
(∇Xη)(Y ) = g(X,φY ), (19)
η(R(X,Y )Z) = g(Y, Z)η(X)− g(X,Z)η(Y ), (20)
S(X, ξ) = 2nη(X). (21)
Here, we consider the contact metric manifolds with dimension 3. It is
known that the Riemannian curvature of a 3-dimensional Riemannian manifold
M satisfies in
R(X,Y )Z = g(Y, Z)QX − g(X,Z)QY + S(Y, Z)X − S(X,Z)Y
+
r
2
[g(X,Z)Y − g(Y, Z)X ], (22)
where Q is the Ricci operator, that is , g(QX, Y ) = S(X,Y ) and r is the scalar
curvature of M .
Theorem 3.2. There is no φ-recurrent Sasakian manifold with dimension 3.
Proof. Let M be a 3-dimensional φ-recurrent Sasakian manifold. Then the
Riemannian curvature of this manifold satisfies in (22). Putting Z = ξ in (22)
and using (21) and η(ξ) = 1, we obtain
R(X,Y )ξ = (2 − r
2
)[η(Y )X − η(X)Y ] + η(Y )QX − η(X)QY. (23)
Then (8) and (23) give us
(1 − r
2
)[η(Y )X − η(X)Y ] = η(X)QY − η(Y )QX. (24)
Setting Y = ξ in (24) and using (21), we get
QX = (
r
2
− 1)X + (3− r
2
)η(X)ξ, (25)
which gives us
S(X,Y ) = g(QX, Y ) = (
r
2
− 1)g(X,Y ) + (3− r
2
)η(X)η(Y ). (26)
By (22), (25) and (26), it follows that
R(X,Y )Z = (3− r
2
)[g(Y, Z)η(X)ξ − g(X,Z)η(Y )ξ + η(Y )η(Z)X
− η(X)η(Z)Y ] + (r
2
− 2)[g(Y, Z)X − g(X,Z)Y ]. (27)
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From (27) and
(∇WR)(X,Y )Z = ∇WR(X,Y )Z −R(∇WX,Y )Z
−R(X,∇WY )Z −R(X,Y )∇WZ, (28)
we get
(∇WR)(X,Y )Z = dr(W )
2
[g(Y, Z)X − g(X,Z)Y − g(Y, Z)η(X)ξ
+ g(X,Z)η(Y )ξ − η(Y )η(Z)X + η(X)η(Z)Y ]
+ (3− r
2
)[g(Y, Z)η(X)− g(X,Z)η(Y )]∇W ξ
+ (3− r
2
)[η(Y )X − η(X)Y ](∇W η)(Z)
+ (3− r
2
)[g(Y, Z)ξ − η(Z)Y ](∇W η)(X)
− (3− r
2
)[g(X,Z)ξ − η(Z)X ](∇W η)(Y ). (29)
Now, let Y be a non-zero vector field orthogonal to ξ and X = Z = ξ. Then
from (29), we have
(∇WR)(ξ, Y )ξ = −2(3− r
2
)(∇W η)(ξ)Y. (30)
Since φξ = 0, then using (19) we obtain
(∇W η)(ξ) = g(W,φξ) = 0. (31)
Setting (31) in (30) yields
(∇WR)(ξ, Y )ξ = 0. (32)
Since M is a φ-recurrent manifold then there exists a non-zero 1-form A such
that satisfies in (17). Thus using (17) and (32) we deduce that
A(W )R(ξ, Y )ξ = 0. (33)
Since M is Sasakian manifold and Y is a non-zero vector field orthogonal to ξ,
then we have
R(ξ, Y )ξ = η(Y )ξ − η(ξ)Y = −Y. (34)
Setting (34) in (33) implies that A(W )Y = 0, which contradicts with the con-
dition A(W ) 6= 0.
Theorem 3.3. There is no φ-recurrent Sasakian manifold M2n+1 with n > 1.
Proof. Let M2n+1 (n > 1), be a φ-recurrent Sasakian manifold. Then using (ii)
of (1) and (17), we get
−(∇WR)(X,Y )Z + η((∇WR)(X,Y )Z)ξ = A(W )R(X,Y )Z,
or
(∇WR)(X,Y )Z = η((∇WR)(X,Y )Z)ξ −A(W )R(X,Y )Z, (35)
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where X,Y, Z,W are arbitrary vector fields on M and A is a non-zero 1-form
on M . Using Bianchi identity
(∇WR)(X,Y )Z + (∇XR)(Y,W )Z + (∇Y R)(W,X)Z = 0,
in (35) implies that
A(W )R(X,Y )Z +A(X)R(Y,W )Z +A(Y )R(W,X)Z = 0.
Applying η to the above equation yields
A(W )η(R(X,Y )Z) +A(X)η(R(Y,W )Z) + A(Y )η(R(W,X)Z) = 0. (36)
By plugging (20) in (36), it follows that
A(W )[g(Y, Z)η(X)− g(X,Z)η(Y )] +A(X)[g(W,Z)η(Y )− g(Z, Y )η(W )]
+A(Y )[g(X,Z)η(W )− g(W,Z)η(X)] = 0. (37)
Now, we choose the φ-basis
{
ei, φei, ξ
}n
i=1
for M2n+1 (n > 1). By setting
Y = Z = ei, W = ej (j 6= i) and X = ξ in (37), we obtain
A(ej) = 0.
Since j is arbitrary, then we deduce
A(ek) = 0, ∀ k = 1, . . . , n. (38)
Similarly, setting Y = Z = ei, W = φej and X = ξ in (37) implies
A(φej) = 0.
Thus we deduce
A(φek) = 0, ∀ k = 1, . . . , n. (39)
(8) and (19) give us
(∇WR)(X,Y )ξ = (∇W η)(Y )X − (∇W η)(X)Y +R(X,Y )φW
= g(W,φY )X − g(W,φX)Y +R(X,Y )φW. (40)
Putting X = W = ξ in (40) and using φξ = 0 and g(ξ, φY ) = η(φY ) = 0, we
get
(∇ξR)(ξ, Y )ξ = 0.
Thus from (17) we derive that
0 = A(ξ)R(ξ, Y )ξ = A(ξ)[η(Y )ξ − Y ].
If Y is a non-zero vector field orthogonal to ξ, then the above equation give us
A(ξ) = 0. Thus by using (37) and (38), we deduce that A = 0 on M , which is
a contradiction.
By Theorems 3.2 and 3.3, we conclude the following.
Theorem 3.4. There exists no φ-recurrent Sasakian manifold.
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4 φ-Recurrent (κ, µ)-Contact Metric Manifolds
In [7], Jun-Yildiz-De presented the following example (see Section 5 in [7]).
Example 4.1. ([7]) We consider 3-dimensional manifoldM = {(x, y, z)|x 6= 0},
where (x, y, z) are the standard coordinates in R3. Let {e1, e2, e3} be linearly
independent global frame on M given by
e1 :=
2
x
∂
∂y
, e2 := 2
∂
∂x
− 4z
x
∂
∂y
+ xy
∂
∂z
, e3 :=
∂
∂z
.
Let g be the Riemannian metric defined by
g(e1, e3) = g(e2, e3) = g(e1, e2) = 0, g(e1, e1) = g(e2, e2) = g(e3, e3) = 0.
Let η be the 1-form defined by η(U) = g(U, e3) for any U ∈ χ(M). Suppose
that φ be the (1, 1) tensor field defined by
φe1 = e2, φe2 = −e1, φe3 = 0.
Then using the linearity of φ and g, we have
η(e3) = 1, φ
2(U) = −U + η(U)e3, (41)
g(φU, φW ) = g(U,W )− η(U)η(W ), (42)
for any U,W ∈ χ(M). Moreover
he1 = −e1, he2 = e2, he3 = 0.
Thus for e3 = ξ, (φ, ξ, η, g) defines a contact metric structure on M . Hence
we have
[e1, e2] = 2e3 +
2
x
e1, [e1, e3] = 0, [e2, e3] = 2e1.
The Riemannian connection ∇ of the metric g is given by
2g(∇XY, Z) = Xg(Y, Z) + Y g(Z,X)− Zg(X,Y )
− g(X, [Y, Z])− g(Y, [X,Z]) + g(Z, [X,Y ]). (43)
Taking e3 = ξ and using the above formula for Riemannian metric g, it can be
easily calculated that{ ∇e1e3 = 0, ∇e2e3 = 2e1, ∇e3e3 = 0, ∇e1e2 = 2xe1
∇e2e1 = −2e3, ∇e2e2 = 0, ∇e3e2 = 0, ∇e1e1 = − 2xe2.
(44)
By (44), it is easy to see that (φ, ξ, η, g) is a (κ, µ)-contact metric manifold with
κ = − 2
x
6= 0 and µ = − 2
x
6= 0.
Now we show that the above example is not correct.
Using (44) we obtain
R(e1, e2)e3 = ∇e1∇e2e3 −∇e2∇e1e3 −∇[e1,e2]e3
= 2∇e1e1 − 2∇e3e3 −
2
x
∇e1e3
= − 4
x
e2. (45)
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But we have
R(e1, e2)e3 = κ(η(e2)e1 − η(e1)e2) + µ(η(e2)he1 − η(e1)he2) = 0, (46)
because η(e1) = g(e1, e3) = 0 and η(e2) = g(e2, e3) = 0. Thus (46) contradicts
(45).
In [3], Blair-Koufogiorgos-Papantoniou proved the following.
Lemma 4.2. ([3]) Let M3 be a three-dimensional (κ, µ)-contact metric mani-
fold and X be a unit eigenvector of h, say hX = λX , X orthogonal to ξ, where
λ =
√
1− κ. Then for κ < 1, we have
[ξ,X ] = (1 + λ− µ
2
)φX, [φX, ξ] = (1− λ− µ
2
)X, [X,φX ] = 2ξ,
∇XX = ∇φXφX = 0, ∇XφX = (λ + 1)ξ, ∇φXX = (λ− 1)ξ,
∇Xξ = −(1 + λ)φX, ∇ξX = −1
2
µφX.
Theorem 4.3. Let M3 be a (κ, µ)-contact metric manifold. Then M is φ-
recurrent if and only if M is flat.
Proof. Let M3 be a (κ, µ)-contact metric manifold. If κ = 1, then using The-
orem 4.9 we deduce that M3 is Sasakian. Thus by Theorem 3.2, we conclude
that M3 can not be φ-recurrent. Now let κ < 1 and X be a unit eigenvector
of h orthogonal to ξ with corresponding eigenvalue λ =
√
1− κ > 0. Then,
according to Lemma 4.2, there exist three mutually orthonormal vector fields ξ,
X , φX such that
[X,φX ] = 2ξ, [φX, ξ] = (1− λ− µ
2
)X, [ξ,X ] = (1 + λ− µ
2
)φX, (47)
where (λ, µ) ∈ R2. To simplify in computation, we set
ξ := e1, X := e2, φX := e3, c2 := 1− λ− µ
2
, c3 := 1 + λ− µ
2
.
Therefore (47) can be written as
[e2, e3] = 2e1, [e3, e1] = c2e2, [e1, e2] = c3e3. (48)
Since e1, e2 and e3 are orthonormal, then we have g(ei, ej) = δij . Thus we
obtain
η(e2) = g(e2, e1) = 0, η(e3) = g(e3, e1) = 0. (49)
Using (48), (49) and noting that η(e1) = η(ξ) = 1, we obtain
dη(e3, e2) = −dη(e2, e3) = 1
2
η([e2, e3]) = 1,
dη(ei, ej) = 0, ∀(i, j) 6= (2, 3), (3, 2).
Moreover, the condition dη(ei, ej) = g(ei, φej) gives us
φe1 = 0, φe2 = e3, φe3 = −e2.
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Using (43), (48) and g(ei, ej) = δij , it follows that

∇e1e1 = 0, ∇e2e2 = 0, ∇e3e3 = 0,
∇e1e2 = 12 (c2 + c3 − 2)e3, ∇e2e1 = 12 (c2 − c3 − 2)e3,
∇e1e3 = − 12 (c2 + c3 − 2)e2, ∇e3e1 = 12 (c2 − c3 + 2)e2,
∇e2e3 = 12 (c3 − c2 + 2)e1, ∇e3e2 = 12 (c3 − c2 − 2)e1.
(50)
The Riemannian curvature of ∇ is defined by
R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.
Using (50) and the above equation, one can obtains the following
R(e2, e3)e2 =
1
4
[12− 4(c2 + c3)− (c2 − c3)2]e3 = (κ+ µ)e3, (51)
R(e2, e3)e3 = −1
4
[12− 4(c2 + c3)− (c2 − c3)2]e2 = −(κ+ µ)e2, (52)
R(ei, ej)ek = 0, ∀i 6= j 6= k 6= i. (53)
Moreover, since M3 is a (κ, µ)-contact metric manifold, then using he2 = λe2
and he3 = −λe3, we get
R(e2, e1)e1 = (κ+ µλ)e2, R(e3, e1)e1 = (κ− µλ)e3. (54)
Using (51), (52), (53) and (54) we have
(∇e2R)(e2, e3)e3 = (∇e3R)(e2, e3)e2 = (∇e1R)(e2, e3)ei = 0, i = 1, 2, 3, (55)
(∇e2R)(e2, e3)e2 = 2(1 + λ)2(1− λ+
µ
2
)e1, (56)
(∇e3R)(e2, e3)e3 = 2(λ− 1)2(1 + λ+
µ
2
)e1, (57)
(∇e2R)(e2, e3)e1 = −(1 + λ)[(κ+ µλ)e2 + (κ+ µ)e3]. (58)
Now, let M3 be the φ-recurrent manifold. Then there exists a non-zero 1-form
A onM such that (17) holds for arbitrary vector fields X , Y , Z,W onM . Thus
using (17), (53) and (58), it results that
φ2
(
(∇e2R)(e2, e3)e1
)
= 0.
This means that
(1 + λ)[(κ+ µλ)e2 + (κ+ µ)e3] = 0.
Since λ > 0, then above equation gives us κ = −µ and κ = −µλ. The solution
of these equations yield κ = µ = 0. Thus we have R(X,Y )ξ = 0 for every vector
fields X and Y on M . Therefore according to Theorem 2.1 we conclude that
M3 is flat. The converse of the theorem is obvious.
Now, let M3 be a locally symmetric (φ-symmetric) (κ, µ)-contact metric
manifold and κ < 1. Then we have ∇R = 0 (φ2(∇R) = 0). Thus using (58),
similar to the proof of the above theorem, we obtain κ = µ = 0. Therefore we
can conclude the following.
Theorem 4.4. Let M3 be a non-Sasakian (κ, µ)-contact metric manifold. Then
M is locally symmetric if and only if M is flat.
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By the same argument used for the Theorem 4.4, we have the following.
Theorem 4.5. Let M3 be a non-Sasakian (κ, µ)-contact metric manifold. Then
M is φ-symmetric if and only if M is flat.
Since φe1 = 0, then using (55), (56) and (57) we deduce that
(∇e2R)(e2, e3)e2 = (∇e2R)(e2, e3)e3 = (∇e3R)(e2, e3)e2 = (∇e3R)(e2, e3)e3 = 0.
Thus for every vector fields X , Y , Z, W orthogonal to ξ, it follows that
φ2((∇WR)(X,Y )Z) = 0.
Therefore we get the following.
Theorem 4.6. Every non-Sasakian (κ, µ)-contact metric manifold M3(φ, ξ, η, g)
is locally φ-symmetric.
By the Theorems 3.2, 4.3, 4.4, 4.5, we conclude the following.
Corollary 4.7. There exists no 3-dimensional φ-recurrent (κ, µ)-contact metric
manifold, which is not locally symmetric (locally φ-symmetric or φ-symmetric).
Also, from Theorem 4.6 it results the following.
Corollary 4.8. There exists no non-Sasakian locally φ-recurrent (κ, µ)-contact
metric manifold with dimension 3, which is not locally φ-symmetric.
In [3], the authors proved the following result.
Theorem 4.9. ([3]) Let M2n+1 be a contact metric manifold with ξ belonging
to the (κ, µ)-nullity distribution. Then κ ≤ 1. If κ = 1, then h = 0 and
M2n+1 is a Sasakian manifold. If κ < 1, then M2n+1 admits three mutually
orthogonal and integrable distributions D(0), D(λ) and D(−λ) determined by
the eigenspaces of h, where λ =
√
1− κ. Moreover,
R(Xλ, Yλ)Z−λ = (κ− µ)[g(φYλ, Z−λ)φXλ − g(φXλ, Z−λ)φYλ], (59)
R(X
−λ, Y−λ)Zλ = (κ− µ)[g(φY−λ, Zλ)φX−λ − g(φX−λ, Zλ)φY−λ], (60)
R(Xλ, Y−λ)Z−λ = κg(φXλ, Z−λ)φY−λ + µg(φXλ, Y−λ)φZ−λ], (61)
R(Xλ, Y−λ)Zλ = −κg(φY−λ, Zλ)φXλ − µg(φY−λ, Xλ)φZλ], (62)
R(Xλ, Yλ)Zλ = [2(1 + λ)− µ][g(Yλ, Zλ)Xλ − g(Xλ, Zλ)Yλ], (63)
R(X
−λ, Y−λ)Z−λ = [2(1− λ)− µ][g(Y−λ, Z−λ)X−λ − g(X−λ, Z−λ)Y−λ], (64)
where Xλ, Yλ, Zλ ∈ D(λ) and X−λ, Y−λ, Z−λ ∈ D(−λ).
Then they showed the following.
Theorem 4.10. ([3]) Let M2n+1 be a (κ, µ)-contact metric manifold with κ <
1. Then the following hold:
(i) If X,Y ∈ D(λ) (resp. D(−λ)), then ∇XY ∈ D(λ) (resp. D(−λ)).
(ii) If X ∈ D(λ), Y ∈ D(−λ), then ∇XY (resp. ∇YX) has no component in
D(λ) (resp. D(−λ)).
10
Using (28), (63) and (i) of Theorem 4.10, we obtain
(∇WλR)(Xλ, Yλ)Zλ = [2(1 + λ)− µ][(∇Wλg(Yλ, Zλ))Xλ + g(Yλ, Zλ)∇WλXλ
− (∇Wλg(Xλ, Zλ))Yλ − g(Xλ, Zλ)∇WλYλ − g(∇WλYλ, Zλ)Xλ
+ g(Xλ, Zλ)∇WλYλ − g(Yλ, Zλ)∇WλXλ + g(∇WλXλ, Zλ)Yλ
− g(Yλ,∇WλZλ)Xλ + g(Xλ,∇WλZλ)Yλ]
= [2(1 + λ)− µ][(∇Wλg)(Yλ, Zλ)Xλ − (∇Wλg)(Xλ, Zλ)Yλ]
= 0. (65)
Similarly, using (28), (64) and (i) of Theorem 4.10, it follows that
(∇W
−λ
R)(X
−λ, Y−λ)Z−λ = 0.
Therefore we have
Lemma 4.11. Let M2n+1 be a (κ, µ)-contact metric manifold. Then ∇R van-
ishes on D(λ) and D(−λ), i.e., we have
(∇WλR)(Xλ, Yλ)Zλ = 0, (∇W−λR)(X−λ, Y−λ)Z−λ = 0.
Now, we are going to consider the existences of φ-recurrent (κ, µ) contact
metric manifold M2n+1 with n > 1.
Theorem 4.12. There is no φ-recurrent (κ, µ) contact metric manifold M2n+1
(n > 1).
Proof. Let M2n+1 (n > 1), be a φ-recurrent (κ, µ)-contact metric manifold.
Then (36) holds. Setting (15) in (36), implies that
A(W )[κ{g(Y, Z)η(X)− g(X,Z)η(Y )}+ µ{g(hY, Z)η(X)− g(hX,Z)η(Y )}]
+A(X)[κ{g(W,Z)η(Y )− g(Z, Y )η(W )} + µ{g(hW,Z)η(Y )− g(Z, hY )η(W )}]
+A(Y )[κ{g(X,Z)η(W )− g(W,Z)η(X)}+ µ{g(hX,Z)η(W )− g(hW,Z)η(X)}]
= 0. (66)
Let
{
ei, φei, ξ
}n
i=1
be an orthonormal φ-basis with ei ∈ D(λ). By plugging
Y = Z = ei, W = ej(j 6= i) and X = ξ in (66), we get
A(ej)(κ+ µλ) = 0. (67)
Similarly, setting Y = Z = ei, W = φel and X = ξ in (66) we obtain
A(φel)(κ+ µλ) = 0. (68)
By using Lemma 4.11 and (17), it follows that
0 = φ2((∇ejR)(ei, ek)ek) = A(ej)R(ei, ek)ek = [2(1 + λ)− µ]A(ej)ei, i 6= k,
0 = φ2((∇φelR)(φei, φek)φek) = A(φel)R(φei, φek)φek
= [2(1− λ)− µ]A(φel)φei, i 6= k.
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The above equations give us
A(ej) = 0 or µ = 2(1 + λ), (69)
A(φel) = 0 or µ = 2(1− λ). (70)
Now we consider all of cases that would be occur for A.
Case 1: Let A be non-zero on both of D(λ) and D(−λ). Then there exist
1 ≤ j, l ≤ n such that A(ej) 6= 0 and A(φel) 6= 0. In this case, using (69), (70)
we deduce λ = 0 which is a contradiction.
Case 2: Let A be non-zero on D(λ) and zero on D(−λ). Then there exist
1 ≤ j ≤ n such that A(ej) 6= 0. In this case, using (67) and (69) we derive that
κ + µλ = 0 and µ = 2(1 + λ). A simple substitution yields λ = −1 which is a
contradiction.
Case 3: Let A be zero on both of D(λ) and D(−λ). Since A is a non-zero
1-form, then A(ξ) 6= 0. Since g(ei, ξ) = 0, then g(∇ξei, ξ) = 0. Thus ∇ξei has
no component with respect ξ. Therefore we can write
∇ξei = ari er + briφer. (71)
Using (71), (59), (62) and (63) we obtain
(∇
ξ
R)(ej , ek)es = [2(1 + λ)− µ]
[
(δksb
r
j − δjsbrk)φer + asjek − askej + ajsek
− aksej
]
+
[
κbsjφek + µb
k
jφes − κbskφej − µbjkφes + κbjsφek
− κbksφej − µbjsφek + µbksφej
]
. (72)
By g(ej , ek) = δjk and (71), we get
akj + a
j
k = 0.
Then (72) reduce to the following
(∇
ξ
R)(ej , ek)es = [2(1 + λ)− µ](δksbrj − δjsbrk)φer + (kbsj + kbjs − µbjs)φek
− (κbsk + κbks − µbks)φej + µ(bkj − bjk)φes. (73)
Using (17), (63) and (73), we deduce that µ = 2(1 + λ).
Since ∇ξξ = 0, then
(∇ξR)(ξ, Y )ξ = κ(∇ξη)(Y )ξ + µ[h(∇ξY )−∇ξhY ]. (74)
Using the first part of (12) implies that
(∇ξη)(Y ) = g(ξ + hξ, φY ) = g(ξ, φY ) = η(φ(Y )) = 0.
By setting the above equation in (74), one can obtains
(∇ξR)(ξ, Y )ξ = µ[h(∇ξY )−∇ξhY ]. (75)
On the other hand, (71) gives us
h(∇ξei) = λ(aji ej − bjiφej), ∇ξhei = λ(aji ej + bjiφej). (76)
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Setting Y = ei in (75) and using (76) we get
(∇ξR)(ξ, ei)ξ = −2µλbjiφej ,
which gives us
φ2
(
(∇ξR)(ξ, ei)ξ
)
= 2µλbjiφej .
Using (10), (17) and the above equation we have
(κ+ µλ)A(ξ)ei + 2µλb
j
iφej = 0.
Since A(ξ) 6= 0, then from the above equation we deduce that κ + µλ = 0. As
we see in Case 2, this contradicts µ = 2(1 + λ).
Case 4. Let A be non-zero on D(−λ) and zero on D(λ). Then there ex-
ists 1 ≤ l ≤ n such that A(φel) 6= 0. In this case, by (68) and (70) we have
κ+ µλ = 0 and µ = 2(1− λ) which yield 3λ2 − 2λ− 1 = 0. This equation and
the condition λ > 0 give us λ = 1. Thus we have κ = µ = 0.
Now, we compute (∇φelR)(ei, ej)ek. Since g(∇φelei, ξ) = −g(ei,∇φelξ) = 0,
then ∇φelei has no component with respect ξ. Also, from Theorem 4.10 we
deduce that ∇φelei has no component in D(−λ). Thus we can write
∇φelei = Γrlier, (77)
where Γrli = g(∇φelei, er). From (77) and considering g(ei, er) = δir, we obtain
Γrli = −Γilr. (78)
Using (63), (77), (78) and noting κ = µ = 0, it follows that
(∇φelR)(ei, ej)ek = 0. (79)
By using (17), (63) and (79), we deduce that A(φel)(δjkei − δikej) = 0 which
gives A(φel) = 0 that contradicts the assumption.
According to the above cases, the proof is completes.
In [2], Blair proved the following.
Theorem 4.13. ([2]) If a contact metric manifold M2n+1 is of constant curva-
ture c and n > 1, then c = 1 and the structure is Sasakian.
Now, we are going to prove the following.
Theorem 4.14. There is no non-flat (2n+1)-dimensional φ-recurrent contact
metric manifold of constant curvature.
Proof. Let M2n+1 be a non-flat φ-recurrent contact metric manifold. If n > 1,
then according to Theorems 3.4 and 4.13, the proof is obvious. Now let n = 1,
i.e., let M be a 3-dimensional non-flat φ-recurrent contact metric manifold. If
M has the constant curvature c 6= 0, then we have
R(X,Y )Z = c(g(Y, Z)X − g(X,Z)Y ). (80)
Similar to (65), from (28) and (80) we get
(∇WR)(X,Y )Z = 0. (81)
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Putting Y = Z = ξ in (17) and using (80) and (81) it follows that
cA(W )[X − η(X)ξ] = 0.
If X is a non zero vector field orthogonal to ξ, then the above equation gives us
cA(W )X = 0, which is a contradiction to c 6= 0 and A(W ) 6= 0.
Now, we are going to consider the existences of locally φ-recurrent contact
metric manifold of constant curvature.
Theorem 4.15. There is no non-flat (2n+ 1)-dimensional locally φ-recurrent
contact metric manifold of constant curvature.
Proof. Let M2n+1 be a non-flat locally φ-recurrent contact metric manifold. If
M has the constant curvature c 6= 0, then (80) holds. Therefore, similar to
Theorem 4.14, we deduce that
(∇WR)(X,Y )Z = 0. (82)
Let
{
ei, φei, ξ
}
, i = 1, . . . , n, be an orthonormal φ-basis for M2n+1. Putting
Y = Z = ei and X = ej (j 6= i) in (17) and using (80) and (82), we obtain
cA(W )ej = 0, which is a contradiction to c 6= 0 and A(W ) 6= 0.
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